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ABSTRACT FILTERED RAYS OVER ITERATED Results proved on SP Numbers

The number of SP numbers smaller than a given number n is

The dynamical system generated by the iterated calculation of the high order AB S o LU T E D I F F E RE N c E s O N L AYE RS O F I N T E G E Rs asym ptotic to Iog =

gaps between neighboring terms of a sequence of natural numbers is remarkable o _ _ _

and only incidentally characterized at the boundary by the notable Proth- There are infinitely many SP twins (pa irs of consecutive SP
Glibreath Conjecture for prime numbers. We introduce a natural extension of N b )

the original triangular arrangement, obtaining a growing hexagonal covering of UmDers).
the plane. We focus on the sequence of Square-Primes (products of squares and PR :
primes) and derive some preliminary results on these numbers. This is joint For a ny positive integer X, there exist two SP numbers a; b

work with Alexandru Zaharescu and Cristian Cobeli. . Eesand . SEMRESET A A AU _ such that x = a — b.

Background . & 0 ¥y A TAyey & p. i -l Any positive integer appears infinitely often as a difference
v Fortoed & rliood ¥ < g between square-primes.

» Let u = {ax}x>0 be a sequence of non-negative integers. , SpLRAAL be e e oL ST SN Results proved in Paper
» Place the sequence on the top row of a triangle. . e "’“ | Grdeidbs 8 Vid,, Ret voln % S

o o e A » There exists an infinite subsequence of square-primes
» Obtain subsequent rows as sequences of numbers given by the o] :f:_ ;::v. ‘z}: T ey AN fi, ; -'-,.,_..-:".".-' ok : ' S e " A1 < A> < ... such that the (P_G) tria ngle generated by
absolute Va!ues O'f the differences between neighboring terms i 'V:] ’ ot Aadh *? ro Sds FIGURE 2. The first seven layers of the helicoid generated by the sequence A1, Az, ... on the first row has 1 as every other element on
on the previous line. w BATed 8 R A A R = A A (100000, 59049, 32768, 16807, 7776, 3125, 1024, 243,32, 1,0,1,0,0,0,0,0, 1,0,0), where the first the left edge
ag a1 as as o e e positive integers are the first ten 5th powers in decreasing order. The four captures are taken in '
order from bottom, sides, and top. Distinct integers are shown in different colors. The helicoid Let u = ( apg, ai, . - - ) € Lo be the first row of the (P_G)
d(()l) dl(l) dz(l) d§1) FIGURE 1. The triangle generated by u that contains the first 30 square-prime numbers. (See has seven distinct layers, and starting from the 8th, all layers coincide with the 7th. The vertical

Se.ct1on 3 for the forr.nal d(ef)mtmn ?,n.d. some appealing pro.pert1es that the sequence of square- strip indicates the places where the last outcome row on one layer transcends, becoming the first tria ngle and Iet o = (b07 b]_, .. ) be the sequence on Its
primes has.) Then, with Y\’ (u) as initial rows, five more triangles are generated. The six figures

d(gz) d£2) d2(2) L represent the intermediate steps in forming the first layer of the helicoid. generating row on the upper layer. Ieft_edge- Let f y g < ]F2[[X ]] be the formal power Series Wlth
coefficients in u and tv, respectively. Let

T : F>[[X]] — F2[[X]] be the operator defined by T(f) = g.
Then:

1. The operator T satisfies the following formula
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(P-G)

Conjecture (Proth-Gilbreath)

All the differences on the western edge of the (P-G) triangle
generated by the sequence of all primes are equal to 1.

(T = (%) 1% )

2. The operator T has the property T(?)(f) = f for any
f € F»[[X]], so that T is invertible and bijective.

So far, it is not even known if there are an infinite number of 1's.
We examine operator T that transforms the top sequence u into
the one on the left edge tv in the (P-G) triangle.

T is defined by

Let N > 1 be an integer and let

FIGURE 3. Left: The base layer of the helicoid generated by the prime-number-indicator function u = (307 317 ceey a N—l) - ‘CO( N ) be the top row and |et
for integers in the interval [0, 50). Right: The base layer of the helicoid generated by the sequence:

T:L£ = L and ’T‘(u) ‘— v 307d2, 1536, 768,3(184,)19f2,11€)6,43,l2)4, 12,6,3 (the first 1(;) intsgersdtléat darlf 3 t;'mes a(fgy%)o1;2 FIGURE 4. Two cut-offs of the (P-G) triangles with integers taken modulo 4 (left) and modulo o = (b(), bl, « ooy bN_l) be the sequence on the |eft—edge of
" . ‘ in decreasing order), followed by a sequence or ‘random bits’ defined by ind[g, 1/2) or . . . . . . . .
k=1,2,...,40. (Note that by Theorem 4, in both cases, the helicoids have identical layers at 2 (tht) . In the 1mage on the left, the trlangle 1s generated by the first 78 primes less than 400, the (P_G) trlangle Of Slde N . S uppose ao _ bo and Iet

: : in the i he right, th ins th -pri 1 han 400. — . -
» Let V: L — L be the operator that transforms a horizontal ach level.) and in the image on the right, the top row contains the 75 square-prime numbers less than 400 f,g € F2[X]IN=2l, be the polynomials whose coefficients are
row of the triangle into the immediately following row. '
Ow of the triangle into the ediate y Tofio g ro Table 1: The frequencies of the absolute values of the differences on the rays that cross the components of u and o, respectlvely. Let

» The entire triangle (P—G) IS Composed of the sequence of - _ a cut-off of the (P-G) triangle passing parallel to its left edge. The generating row TN ) IFQ [X][N_zl — IFQ[X][N_z] defined by TN(f) = g. Then:

successive horizontal rows WU)(y), for j > 0, where contains the first 50000 prime numbers: 2,3,...,611953. All differences are reduced 1. The operator Ty satisfies the following formula
— modulo 4. The notations are as follows: r is the number of the ray, starting with r = 1,

W( )(u) = u is the top generating row. ] the ray next to the left edge; N is the number of differences on the ray (note that there X 1

_ . : o : __ N
» The restrictions of ¥ and T to Lo have in their image only § izf;’n’;‘;d;’?i’;;‘;es on the first row of (P-G)); 2 is the number of zeros and t is the (TN(f))(X) = f(—l +X) 1T X (mod X ) : (3)
sequences in Lg. Ex: [ - :

_ _ (z—1t)/N
» The same type of property occurs with the action of WV and T -0.00340

on sequences s of 0's and 1'5; except for a finite number of Figure 5. The number of 1’s versus the number of 0’s on the left-edge of the (P-G) 0.00386

terms. with square-prime numbers on the first row. The image on the left shows the first 200 8-88(1);}2 Let w = {w;};>1 be a sequence of non-negative integers.

- . values and the one on the right shows 2234 values obtained from the square-primes less 0.00308 Then' there exists an increasing sequence of square—primes
F h U/} | | | d lv of than 20000. In total there are 1101 ones and 1130 zeros '
or these sequences, V(s) is also ultimately composed only o - - .
such that the (P-G) triangle they generate has on the western

O's and 1's, but this is not generally true for T(g)- SanEh HBRL S5 soatasiamadasn” | | TABLE 2. The frequencies of the absolute values of the differences on the rays too, ..., 109 that edge a sequence whose even-indexed elements are the
The geometric correspondent of each iteration of T applied :*v‘vfj"*" ,i",;:,,:; cross a cut-off of the (P-G) triangle passing parallel to its left edge. The generating row contains
on u results in the construction of a new equilateral triangle \Gintadii ARy S Ay A the 69179 square-primes less than one million. Counting is done based on the values of the higher-

2. The operator Ty has the property T,g,z)(f) — f for any
f € Fo[X]IN=2] so that Ty is invertible and bijective.

elements of w.

_ _ 144068 B0 AR order differences taken modulo 2. The notations are as follows: r is the rank of the ray, starting
rotated clockwise around the first component ag of u by an n” 58 4 with the left edge ro = to; N is the number of differences on the ray (note that there are no RELATED READING
angle of 60 degrees. "' differences on the first row of (P-G)); z is the number of 0’s, o is the number of 1’s, and h is the - = e

- S _ S number of values that are not equal to 0 or 1. [1] Bhat RN. Distribution of square-prime numbers. Missouri J. Math. Sci., 2022, 34(1):121-126. https:
» After six iterations of T, the initial sequence u is geometrically e R v IR e e //doi.org/10.35834/2022/3401121. 9, 10, 11
i o) o] At ada T SRR ol CRARER SERSABAShA N 2 0 ( 2 — 0) / N [2] Bhat RN. Sequences, series and uniform distribution of sp numbers. arXiv preprint arXiv:2210.04622v3,
reached again. 2022. https://doi.org/10.48550/arXiv.2210.04622. 9
0.00082 [3] Bhat RN, Cobeli C, Zaharescu A. On quasi-periodicity in proth-gilbreath triangles. arXiv preprint
arXiv:2307.11776, 2023. https://doi.org/10.48550/arXiv.2307.11776. 2, 9
0.00288 [4] Bhat RN, Madhusudanan S. Algebraic results on sp-numbers along with a generalization. arXiv preprint
0.00084 arXiv:2211.09009v1, 2022. https://doi.org/10.48550/arXiv.2211.09009. 9, 10, 23
-0.00416 5] f;(ria)g;:l IZIO, Zahares;:}l A, Zaki M. On/Ducci se/quenc/es with algebraic numbers. Fi;)onacci Q., 2011,
:34—40. https://www.fq.math.ca/Papers1/49-1/CaragiuZaharescuZzaki.pdf.
-0.00283 [6] Caragiu M, Zaharescu A, Zaki M. An analogue of the Proth-Gilbreath conjecture. Far East J. Math.
0.00652 Sci. (FIJMS), 2013, 81(1):1-12. http://www.pphmj.com/abstract/7973.htm. 2
[7] Caragiu M, Zaharescu A, Zaki M. On Ducci sequences with primes. Fibonacci Q., 2014, 52(1):32-38.
0.00360 https://www.fq.math.ca/Papers1/52-1/CaragiuZaharescuZaki.pdf. 2

-0.00322
0.00176

n_th |eve|s Of the henCOid, SO th at the bottom. The colors correspond to the residue classes of the gaps (mod 2) and
(mod 7), respectively. The triangles on the right side are obtained by two independent 0.00314
random choices of the numbers on the initial rows.

n>1

=

» This results in the completion of the first layer or level of

what can further be seen as a helicoidal discrete surface, since
in general T®)(u) #£u . -

Continuing the iterations prOd uces a discrete helicoid denoted Figure 6: The gaps in the (P-G) triangles generated by primes (left), square-primes
1 — H(u) 2 “Riemann surface” -like structure of (middle) and random numbers (right). The initial rows (not shown) contain the first

one hundred primes, the first one hundred square-primes, and one hundred integers

non_negative integerS. Let Hn — Hn(u) n > 1 denote the Se.lected raﬂdomly from [2, 550], reSpeCt;.iVG.ly. (Note that Pioo = 541 and S100 = 549)

The gaps are represented by two colors in the top triangles and by seven colors at
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